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Abstract: We present a dynamic microcirculation PIPE model for functional neuroimaging,
non-neuroimaging, and coherent hemodynamics spectroscopy. The temporal evolution of the
concentration and oxygen saturation of hemoglobin in tissue, comprised of the contributions
from the arterioles, capillaries, and venules of microvasculature, is determined by time-resolved
hemodynamic and metabolic variations in blood volume, flow velocity, and oxygen consumption
with a fluid mechanics treatment. Key parameters regarding microcirculation can be assessed,
including the effective blood transit times through the capillaries and the venules, and the rate
constant of oxygen release from hemoglobin to tissue. The vascular autoregulation can further be
quantified from the relationship between the resolved blood volume and flow velocity variations.
The PIPE model shows excellent agreement with the experimental cerebral and cutaneous
coherent hemodynamics spectroscopy (CHS) and fMRI-BOLD data. It further identifies the
impaired cerebral autoregulation distinctively in hemodialysis patients compared to healthy
subjects measured by CHS. This new dynamic microcirculation PIPE model provides a valuable
tool for brain and other functional studies with hemodynamic-based techniques. It is instrumental
in recovering physiological parameters from analyzing and interpreting the signals measured
by hemodynamic-based neuroimaging and non-neuroimaging techniques such as functional
near-infrared spectroscopy (fNIRS) and functional magnetic resonance imaging (fMRI) in
response to brain activation, physiological challenges, or physical maneuvers.

© 2020 Optical Society of America under the terms of the OSA Open Access Publishing Agreement

1. Introduction

The study of cerebral hemodynamic oscillations, both spontaneous and induced, has led to a
series of important results that opened new opportunities for the investigation of brain function,
physiology, and pathological conditions. The spontaneous low-frequency oscillations (LFOs)
(.0.1 Hz) and induced oscillations by maneuvers such as paced breathing [1], repeated head-up
tilting [2], squat-stand [3], and cyclic thigh cuff inflation-deflation [4] reflect a combination of
systemic cardiovascular dynamics and local metabolic and flow regulation effects. Spontaneous
low-frequency oscillation studies have been used to assess, for example, resting-state functional
connectivity using functional magnetic resonance imaging (fMRI) [5] and functional near-
infrared spectroscopy (fNIRS) [6], rest versus functional activation [7], different sleep stages
[8], and cerebral autoregulation [9]. As the induced cerebral hemodynamic oscillations feature
a significantly stronger coherence and reliability than spontaneous LFOs, induced oscillation
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studies have recently been actively pursued to assess and quantify physiological parameters
related to the cerebral microcirculation [10,11].
As hemodynamics is complex, a successful model identifies a set of key parameters and

reproduces the salient features of observations with a necessarily simplified description of the
dynamic features of the vasculature, blood flow, and oxygen delivery to tissue. Well-known
examples include the dynamic balloon model [12] and a Windkessel model [13], playing pivotal
roles in interpreting the fMRI BOLD signal and fNIRS optical signals. Recently, Fantini [10]
presented a dynamic model to relate tissue concentration and saturation of hemoglobin to
hemodynamic and metabolic processes involving different vascular compartments. The three
key parameters are blood volume oscillation phasor, flow velocity phasor, and the metabolic
rate of oxygen. The Fantini model itself does not make specific constraints regarding the phase
relations between the oxy- and deoxy-hemoglobin volume oscillation phasors and the oxy- and
deoxy-hemoglobin flow oscillation phasors. Simplifications were, however, typically introduced
when applied to the analysis of experimental data that the oxy- and deoxy-hemoglobin volume
oscillation phasors (OV, DV) are in phase and the oxy- and deoxy-hemoglobin flow velocity
oscillation phasors (OF, DF) are out-of-phase. The combination of contributions from arterial,
capillary, and venous compartments then determines the microcirculation hemodynamics. This
Fantini model has been successfully applied to neuroimaging, in particular, monitoring the
cerebral microcirculation variations between hemodialysis patients and healthy subjects [14],
cerebral autoregulation [15], and cerebral blood flow [16].
The phase relation between the oxy- and deoxy-hemoglobin volume oscillation phasors (OV,

DV) and the oxy- and deoxy-hemoglobin flow velocity oscillation phasors (OF, DF) are in reality
determined by the oxygen consumption occurring over the whole trajectory along which the
red blood cells (RBC) move from the arterioles, through capillaries and then to the venous
compartment while exchanging oxygen with the surrounding tissue. The true phase differences
between both volume oscillation phasors and flow velocity phasors deviate from the above
simplification made in the application of the Fantini model in general.

In this article, we present a dynamic microcirculation PIPE model for functional neuroimaging,
non-neuroimaging, and coherent hemodynamics spectroscopy. The arterioles, capillaries, and
venules are treated as a complete network (compliant pipe) through which the total hemoglobin
is conserved. Without making assumptions on the details of the architecture and morphology
of the microvascular bed, the temporal evolution of the concentration and oxygen saturation of
hemoglobin in tissue in the PIPE model is determined by the superposition of time-resolved
hemodynamic and metabolic variations in blood volume, flow velocity, and oxygen consumption
rate. The phase differences between oxy- and deoxy-hemoglobin volume and flow phasors
naturally emerge as the integrated effect of the RBCs moving from the arterioles, through
capillaries and then to the venous compartment while exchanging oxygen with the surrounding
tissue. As one application of the dynamic microcirculation PIPE model, we also present the
solution of this model to quantitative coherent hemodynamics spectroscopy (CHS). Through
analyzing both the cerebral and cutaneous coherent hemodynamics spectroscopy data, the
performance of the PIPE model and the Fantini model [10] is compared, and the advantage
of the PIPE model is demonstrated. The PIPE model is found to exhibit excellent agreement
with the experimental data and identify more distinctively the impaired cerebral autoregulation
in hemodialysis patients compared to healthy subjects than the Fantini model. The PIPE
model is furthermore successfully used to interpret the fMRI-BOLD signal. This new dynamic
microcirculation PIPE model provides a valuable tool for analyzing the signals measured by
hemodynamic-based neuroimaging and non-neuroimaging techniques such as functional near-
infrared spectroscopy (fNIRS) and functional magnetic resonance imaging (fMRI) in response to
brain activation, physiological challenges, or physical maneuvers.



Research Article Vol. 11, No. 8 / 1 August 2020 / Biomedical Optics Express 4604

2. The PIPE hemodynamics model

Both the hematocrit and the blood flow velocity vary inside the arterial, capillary, and venous
compartments. We will make the following adjustments which simplify the model yet will alter
neither the oxy-, deoxy- and total hemoglobin concentrations, the volume fractions of the arterial,
capillary, and venous compartments throughout the vasculature, nor the transit times through the
capillary and venous compartments, yielding identical measured optical or fMRI signals. First,
the hemoglobin concentration in blood is assumed unchanged by regarding the blood volume
as the effective volume incorporating the lower volume concentration of red blood cells within
small blood vessels than that of blood entering or leaving the microvascular network because of
the Fåhraeus effect [17]. We will further assume the average blood flow velocity is the same
inside the capillaries and venules. The blood flow in capillaries is slower than that in the venule
yet the total flow is conserved (vcAc = vvAv with vc,v and Ac,v representing the velocities and the
total cross-section areas in the capillaries and venules, respectively). We will adjust the speed
inside the venules to vc and the total cross-section area to Avvv/vc while extending the length of
the venules vc/vv times. This adjustment changes neither the total volume of the venules nor the
transit time through the venules. These adjustments simplify the model notations below. The
total cross-section area of the capillary and venous compartments is further assumed to be unity
in the absence of the blood volume and flow variations.

Our formalism is developed after the above adjustments and with a convention of exp(-iωt) as
the temporal dependence for a component of frequency ω. The physical quantities correspond to
the real part of the complex values.

2.1. Nomenclature

The list of relevant hemodynamic quantities in the PIPE hemodynamics model:

O(y,t): oxyhemoglobin content in blood per unit length (mmol/dm) along the pipe at position y
and time t

D(y,t): deoxy-hemoglobin content in blood per unit length along the pipe at position y and time t

T(y,t): total hemoglobin content in blood per unit length along the pipe at position y and time t

O(y,t),D(y,t), T(y,t) reduce to the oxy-, deoxy-, and total hemoglobin concentration (mmol/dm3=mM)
in blood, respectively, in the absence of the blood volume and flow variations.

O(t): oxyhemoglobin concentration in tissue at time t

D(t): deoxy-hemoglobin concentration in tissue at time t

T (t): total hemoglobin concentration in tissue at time t

S0: hemoglobin oxygen saturation inside the artery

tc: mean blood transit time through the capillary compartment

tv: mean blood transit time through the venous compartment

α: oxygen release rate to tissue

φ(a), φ(c), and φ(v): the volume fraction of artery, capillary, and venule compartments in tissue,
respectively, when the blood volume and flow variations are absent.

The tissue blood volume and flow velocity variation phasors for coherent hemodynamics
spectroscopy are listed in Table 1.
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2.2. PIPE model

The arterioles, capillaries, and venules are treated as a complete network (compliant pipe) through
which the total hemoglobin is conserved. The pipe may expand or constrict as the consequence
of the blood volume and flow speed variations. We denote the blood oxyhemoglobin (HbO)
content as O(y,t) per unit length at position y and time t when the blood leaves the arterioles at
y= 0, passes through capillaries of length Lc and merges into the vein through venule branches of
length Lv. The quantity O(y,t) reduces to the HbO concentration in blood when the blood volume
and flow variations are absent and will vary due to blood volume variations caused by vascular
dilation and constriction. Assuming the rate constant of oxygen release from hemoglobin to
tissue (the oxygen diffusion constant from the capillary to tissue) is α, the local conservation law
for HbO (see Fig. 1) leads to

∂Q
∂y
+
∂O
∂t
= −αO(y, t), 0 ≤ y ≤ Lc (1)

and
∂Q
∂y
+
∂O
∂t
= 0, Lc ≤ y ≤ Lc + Lv. (2)

in the temporal domain where Q(y,t)≡O(y,t)v(y,t) is the flow rate. A similar equation can
be written for the total hemoglobin (THb) content in blood T(y,t) with α set to be zero. The
deoxy-hemoglobin content in the blood is D ≡ T - O.

Fig. 1. The schematic diagram for the hemodynamics PIPE model.

We first consider the baseline case of the constant flow velocity v= v0 and the constant oxygen
diffusion rate α. The solution to (1) and (2) is given with the method of characteristics [18] by:

O0(y, t) = S0f (t −
y
v0
) exp(−α

y
v0
), 0 ≤ y ≤ Lc

= S0f (t −
y
v0
) exp(−αtc), Lc ≤ y ≤ Lc + Lv,

(3)

and
T(y, t) = f (t −

y
v0
), 0 ≤ y ≤ Lc + Lv (4)

under a given boundary condition T(0,t)= f (t) where S0= 0.98 is the value of the oxygen saturation
in the artery, f (t) specifies the total hemoglobin content in blood injected to the capillaries by the
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arterioles, tc ≡ Lc/v0 and tv = Lv/v0, are the mean blood transit times in the capillary and venous
compartments, respectively. We have collapsed the artery within the probed volume into one
single term at y= 0.

Now let’s consider the perturbation on the blood flow velocity and the oxygen diffusion rate as
v(y, t)= v0+δv(y, t) and α+δα(y, t), respectively. Equations (1) and (2) reduce to

∂δO
∂y

v0 +
∂δO
∂t
+ αδO = −

∂(O0δv)
∂y

− O0δα, 0 ≤ y ≤ Lc (5)

and
∂δO
∂y

v0 +
∂δO
∂t
= −

∂(O0δv)
∂y

, Lc ≤ y ≤ Lc + Lv (6)

by retaining only up to the first order. The solution for δO to (5) and (6) is given by

δO(y, t) = −v−10 exp(−
α

v0
y)

∫ y

0
exp(

α

v0
ξ)a(ξ, t −

y − ξ
v0
)dξ, 0 ≤ y ≤ Lc

= δO(Lc, t −
y − Lc
v0
) − v−10

∫ y

Lc
b(ξ, t −

y − ξ
v0
)dξ, Lc ≤ y ≤ Lc + Lv

(7)

where
a(y, t) ≡

∂(O0δv)
∂y

+ O0δα (8)

and
b(y, t) ≡

∂(O0δv)
∂y

(9)

imposing δO(0, t)= 0. The perturbation on THb, δT(y, t), is obtained from (7) after setting α = 0.
The detected optical or fMRI signal is determined by the average tissue oxy-, deoxy-, and total

hemoglobin concentrations alone. Denote φ(a), φ(c), and φ(v) as the volume fraction of artery,
capillary, and venule compartments inside the tissue, respectively, when the blood volume and
flow variations are absent. The baseline of tissue HbO concentration is given by

O0(t) = S0φ(a)f (t)+ S0
φ(c)

tc

∫ tc

0
f (t − τ) exp(−ατ)dτ + S0

φ(v)

tv
exp(−αtc)

∫ tc+tv

tc
f (t − τ)dτ (10)

The perturbation of tissue HbO concentration can be computed as the sum of contributions
originating from δv and δα, i.e.,

δO(t) = δOδv(t) + δOδα(t) (11)

where

δOδv(t) = −S0
φ(c)

v0tc

∫ tc

0
dτ[exp(−αtc)f (t − tc)δv(v0tc − v0τ, t − τ) − exp(−ατ)f (t − τ)δv(0, t − τ)]

+ S0
φ(v)

v0tv
exp(−αtc)

[∫ tc

0
dτf (t − tc)δv(v0tc − v0τ, t − τ) +

∫ tc+tv

tc
dτf (t − τ)δv(0, t − τ)

]
− S0

φ(v)

v0tv
exp(−αtc)

[∫ tv

0
exp(−α(tv − τ)) +

∫ tc + tv

tv

]
f (t − tc − tv)δv(v0tc + v0tv − v0τ, t − τ)dτ

+ S0
φ(v)

v0tv
α exp(−αtc)

∫ tc+tv

tc
dτf (t − τ)

∫ tc

0
δv(v0τ′, t − τ + τ′)dτ′

(12)
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and
δOδα(t) = −S0

φ(c)

tc

∫ tc

0
dτ exp(−ατ)f (t − τ)

∫ τ

0
dτ′δα(v0τ′, t − τ + τ′)

− S0
φ(v)

tv
exp(−αtc)

∫ tc+tv

tc
dτf (t − τ)

∫ tc

0
dτ′δα(v0τ′, t − τ + τ′)

(13)

Note the third line of (12) contains two integrals. The values of the baseline THb concentration
T (t) and the perturbation δT (t) in tissue can be obtained from O0(t) and δO(t) by setting S0= 1
and α= 0. In particular,

T(t) = φ(a)f (t) +
φ(c)

tc

∫ tc

0
f (t − τ)dτ +

φ(v)

tv

∫ tc+tv

tc
f (t − τ)dτ (14)

and

δT(t) = −
φ(c)

v0tc

∫ tc

0
dτ[f (t − tc)δv(v0tc − v0τ, t − τ) − f (t − τ)δv(0, t − τ)]

+
φ(v)

v0tv

[∫ tc

0
dτf (t − tc)δv(v0tc − v0τ, t − τ) +

∫ tc+tv

tc
dτf (t − τ)δv(0, t − τ)

]
−
φ(v)

v0tv

∫ tc+tv

0
f (t − tc − tv)δv(v0tc + v0tv − v0τ, t − τ)dτ

(15)

Equations (10–15) are the main equations describing the PIPE hemodynamics model, com-
prising of the baseline and volume variation contributions O0(t) and T(t), the flow velocity
modulation contributions δOδv(t) and δT(t), and the oxygen release modulation contribution
δOδα(t) regarding the tissue oxy- and total hemoglobin concentrations. The PIPE hemody-
namics model can admit arbitrary temporal modulation via the boundary condition T(0,t)= f (t)
specifying the total hemoglobin content in blood injected by the arterioles to the capillaries
whose cross-section area is unity in the absence of blood volume and flow variations, which
may represent brain activation, physiological challenges, or physical maneuvers. In the next
subsection, a particular form of temporal modulation (sinusoidal) type is addressed, referred to
as coherent hemodynamics.

2.3. Coherent hemodynamics spectroscopy (CHS)

In CHS, microcirculation is modulated by, for example, cuff pressure inflation/deflation or paced
breathing at an angular frequency ω to introduce a periodic perturbation in the blood volume and
flow speed. In this case, the coherent oscillation boundary condition at the arterioles f (t) consists
of both static and oscillatory components, f (t) = T0 + T1exp(-iωt), for the total hemoglobin
content in blood injected to the capillaries by the arterioles. The baseline solution for the blood
oxy- and total hemoglobin content in blood per unit length incorporating the contribution from
volume oscillation is given by

O0(y, t) = S0T0 exp(−
α

v0
y) + S0T1 exp(−

α

v0
y) exp

(
−iωt + i

ω

v0
y
)
, 0 ≤ y ≤ Lc

= S0T0 exp(−αtc) + S0T1 exp(−αtc) exp
(
−iωt + i

ω

v0
y
)
, Lc ≤ y ≤ Lc + Lv

(16)

and
T(y, t) = T0 + T1 exp(−iωt + i

ω

v0
y), 0 ≤ y ≤ Lc + Lv (17)

The periodic blood volume variation is accompanied by the modulation in the flow velocity
v(0, t) = v0 + v1 exp(−iωt + iθ) at this intersection position (the origin y= 0) where v0 is the
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average blood velocity, v1 is the amplitude of the velocity modulation, and −θ is the phase lead for
the velocity modulation with respect to the volume oscillation at the arterioles. As a consequence,
the flow velocity is no longer uniform inside the capillaries and venules, and the deviation
from v0 can be written as δv(y, t) = v1 exp(iky − iωt + iθ) where k is the wavevector given by
k=ω / (v0 + u) with u being the wave speed of the disturbance due to the velocity modulation.
Inside the vessels of 0.1mm or smaller (capillaries and venules), the flow is quasi-static and the
ratio of u/v0 =

√
ω/2πfheart � 1 where fheart is the heartbeat frequency as the wave speed for

small Womersley number pulsatile flow of angular frequency ω is proportional to
√
ω [19]. We

further assume α is a constant (i.e., δα= 0). Imposing δO(0, t)= 0, we find for 0 ≤ y ≤ Lc

δO(y, t) = S0T0
v1
v0
(
α

v0
− ik) exp

[
−
α

v0
y − iω(t −

y
v0
) + iθ

] exp
[
(ik − iω

v0 )y
]
− 1

ik − iω
v0

+
1
2
S0T1

v1
v0
(
α − iω
v0

− ik) exp
[
−
α

v0
y − i2ω(t −

y
v0
) + iθ

] exp
[
(ik − iω

v0 )y
]
− 1

ik − iω
v0

−
1
2
S0T1

v1
v0
(ik +

α − iω
v0
) exp(−

α

v0
y − iθ)

exp
[
−(ik − iω

v0 )y
]
− 1

ik − iω
v0

.

(18)

when k , ω/v0 and otherwise taken at the limit of k=ω/v0.
The solution for Lc ≤ y ≤ Lc+Lv is given by

δO(y, t) = δO(Lc, t −
y − Lc
v0
)

− S0T0
v1
v0

k
k − ω

v0
exp

[
−iω(t −

y
v0
) + iθ − αtc + (ik −

iω
v0
)Lc

] {
exp

[
(ik −

iω
v0
)(y − Lc)

]
− 1

}
−
1
2
S0T1

v1
v0

k + ω
v0

k − ω
v0

exp
[
−i2ω(t −

y
v0
) + iθ − αtc + (ik −

iω
v0
)Lc

] {
exp

[
(ik −

iω
v0
)(y − Lc)

]
− 1

}
−
1
2
S0T1

v1
v0

exp
[
−iθ − αtc − (ik −

iω
v0
)Lc

] {
exp

[
−(ik −

iω
v0
)(y − Lc)

]
− 1

}
.

(19)
when k , ω/v0 and otherwise taken at the limit of k=ω/v0.
The velocity modulation produces the oscillations in O of DC, ω, and 2ω frequencies in time

(see (18) and (19)). Typically, the 2ω oscillatory term is much weaker than the fundamental
mode and can be ignored. The DC term, however, will alter the oxygen extraction rate.
The time-averaged baseline oxygen extraction in unit time per unit volume of the capillary
compartment:

E = αS0T0
1 − exp(−αtc)

αtc
(20)

The value of E represents the number (moles) of HbO converted to Hb in unit time per unit
volume of the capillary compartment. The DC term gives rise to the additional oxygen extraction
in unit time per unit volume of the capillary compartment given by

δE = t−1c
1
2
S0T1

v1
v0

exp(−iθ)
[
1 − exp(−αtc) + i

α

kv0 − ω
(1 − exp(−i(kv0 − ω)tc)) exp(−αtc)

]
(21)

when k , ω/v0 and otherwise taken at the limit of k=ω/v0. The ratio marks the oxygen extraction
efficiency, and efficiency increases with shorter capillary transit time. By retaining only the
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leading exp(-iωt) oscillatory term in (18,19), the flow velocity modulation gives rise to

δO(y, t)

= −S0T0
v1
v0
β + iα
β − ω

exp[−iωt + iθ]
{
exp

[
−(α − iβ)

y
v0

]
− exp

[
−(α − iω)

y
v0

]}
, 0 ≤ y ≤ Lc

= −S0T0
v1
v0
β + iα
β − ω

exp
[
−iωt + iθ − αtc + iω

y
v0

]
{exp[i(β − ω)tc] − 1}

− S0T0
v1
v0

β

β − ω
exp[−iωt + iθ − αtc + iβtc]

{
exp

[
iβ

y
v0
− iβtc

]
− exp

[
iω

y
v0
− iωtc

]}
,

Lc ≤ y ≤ Lc + Lv
(22)

where β ≡ kv0 = ω/(1 +
√
ω/2πfheart). A similar expression can be obtained for δT as (letting

S0= 1 and α= 0):

δT(y, t) = −T0
v1
v0

β

β − ω
exp

[
−iω(t −

y
v0
) + iθ

] {
exp

[
i(β − ω)

y
v0

]
− 1

}
, 0 ≤ y ≤ Lc

= −T0
v1
v0

β

β − ω
exp

[
−iω(t −

y
v0
) + iθ

]
{exp[i(β − ω)tc] − 1}

− T0
v1
v0

β

β − ω
exp

[
−iω(t −

y
v0
) + iθ

] {
exp

[
i(β − ω)

y
v0

]
− exp[i(β − ω)tc]

}
,

Lc ≤ y ≤ Lc + Lv
(23)

Inside the interrogated volume, the baseline tissue oxyhemoglobin and total hemoglobin
concentrations are then given by

O0(t) = S0T0
[
φ(a) + φ(c)

exp(−αtc) − 1
−αtc

+ φ(v) exp(−αtc)
]

+ S0T1 exp(−iωt)
[
φ(a) + φ(c)

exp(−αtc + iωtc) − 1
−αtc + iωtc

+ φ(v)
exp(iωtv) − 1

iωtv
exp(−αtc + iωtc)

]
(24)

and

T(t) = T0(φ(a) + φ(c) + φ(v))

+ T1 exp(−iωt)
[
φ(a) + φ(c)

exp(iωtc) − 1
iωtc

+ φ(v)
exp(iωtv) − 1

iωtv
exp(iωtc)

]
,

(25)

respectively. The flow velocity modulation leads to perturbations in tissue oxyhemoglobin and
total hemoglobin concentrations of

δO(t) = −φ(c)S0T0
v1
v0
β + iα
β − ω

exp[−iωt + iθ]
{

exp[(iβ − α)tc] − 1
(iβ − α)tc

−
exp[(iω − α)tc] − 1
(iω − α)tc

}
− φ(v)S0T0

v1
v0
β + iα
β − ω

exp[−iωt + iθ − αtc]
exp(iωtv) − 1

iωtv
[exp(iβtc) − exp(iωtc)]

− φ(v)S0T0
v1
v0

β

β − ω
exp[−iωt + iθ − αtc + iβtc]

{
exp(iβtv) − 1

iβtv
−

exp(iωtv) − 1
iωtv

}
,

(26)
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and

δT(t) = −φ(c)T0
v1
v0

β

β − ω
exp[−iωt + iθ]

{
exp(iβtc) − 1

iβtc
−

exp(iωtc) − 1
iωtc

}
− φ(v)T0

v1
v0

β

β − ω
exp[−iωt + iθ]

{
exp(iβtc)

exp(iβtv) − 1
iβtv

− exp(iωtc)
exp(iωtv) − 1

iωtv

}
.

(27)
Equations (24–27) are the main equations for CHS and will be the basis to analyze CHS

measurements.
We could easily account for the distribution of the transit times tc and tv. One common used

distribution [20] is a Gamma distribution, 1
Γ(a)γ

axa−1 exp(−γx), of mean µ = a/γ and variance
a/γ2. This distribution has dispersion σ2 = (a/γ2)/µ2 = 1/a and reduces to the exponential
distribution when a= 1. The random variable t following such a Gamma distribution satisfies

〈exp(−βt)〉 =
(

a
a + βµ

)a
(28)

〈exp(−βt)βt〉 = βµ
(

a
a + βµ

)a+1
(29)

and 〈
exp(−βt) − 1
−βt

〉
=

a
(−a + 1)βµ

[(
a

a + βµ

)a−1
− 1

]
. (30)

The formula for O0(t), δO(t), T (t), and δT (t) in (24-27) are modified to account for the
capillary and venule transit time distributions by substitution with the above rules when needed.

2.4. Specification of auto-regulation

The autoregulation is specified by how the flow velocity modulation relates to the pressure
modulation. Un-impaired autoregulation is characterized by a smaller ratio between the amplitude
of flow velocity modulation to the amplitude of the pressure modulation and a larger phase
lead of the former than the latter [21]. The total hemoglobin volume oscillation is proportional
and approximately in phase to that of the pressure, as observed by Reinhard et al. [22,23]. It
is justified to model the autoregulation by relating the flow velocity modulation to the total
hemoglobin volume modulation and write

δv(t)
v0
= kg

∫ ∞

0
R(τ)

δT(t − τ)
T0

dτ (31)

at the arterioles following [15] where δv represents the flow velocity modulation, and kgR(t)
represents the autoregulation with kg being the inverse of the modified Grubb’s exponent. One
common choice [15] for R(t) is a resistor-capacitor high-pass impulse response function specified
by

R(t) = −
1
τc

exp(−t/τc) + δ(t) (32)

with time constant τc≡1/ωc, ωc=2πfc being the cutoff angular frequency, and δ(t) being the Dirac
delta function. In the frequency domain, the autoregulation can be written as

R(ω) =
1

1 + iωc/ω
(33)

in our convention of exp(-iωt) as the temporal dependence for a component of frequency ω. With
the above model, the auto-regulation factor v1 exp(iθ)/v0 in (26) and (27) of CHS is specified by
υR(ω) = υ/(1 + iωc/ω) where ν represents the flow velocity modulation ratio.
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2.5. Blood volume and flow velocity oscillation phasors

Hemodynamic variation is the superposition of blood volume and blood flow velocity oscillatory
components when the rate of oxygen release to tissue can be regarded as constant. The oxy-,
deoxy-, and total hemoglobin volume oscillation phasors, OV, DV, and TV, and the oxy-, deoxy-,
and total hemoglobin flow velocity oscillation phasors,OF, DF, and TF (see Table 1), respectively,
can be recovered after fitting the CHS measurement to (24-27). The expressions for these phasors
are summarized in Table 1.

Table 1. Expressions for Oxy-, Deoxy-, and Total Hemoglobin Volume and
Velocity Oscillation Phasors. Here the Auto-regulation Factor v1 exp(iθ)/v0 is
Specified by υR(ω) = υ/(1 + iωc/ω) and β is Given by ω/(1 +

√
ω/2πfheart ). The

Rules of (28-30) Should be Applied to Account for the Capillary and Venule
Transit Time Distributions. The Temporal Dependence on the Angular

Frequency ω Takes the Form of exp(-iωt).

Nomenclature Expression

OV S0T1
[
φ(a) + φ(c) exp(−αtc+iωtc)−1

−αtc+iωtc + φ(v) exp(iωtv)−1
iωtv exp(−αtc + iωtc)

]
TV T1

[
φ(a) + φ(c) exp(iωtc)−1

iωtc + φ(v) exp(iωtv)−1
iωtv exp(iωtc)

]
DV TV-OV

OF

−φ(c)S0T0
v1
v0
β+iα
β−ω exp(iθ)

{
exp[(iβ−α)tc]−1
(iβ−α)tc −

exp[(iω−α)tc]−1
(iω−α)tc

}
−φ(v)S0T0

v1
v0
β+iα
β−ω exp(iθ − αtc) exp(iωtv)−1

iωtv [exp(iβtc) − exp(iωtc)]

−φ(v)S0T0
v1
v0

β
β−ω exp(iθ − αtc + iβtc)

{
exp(iβtv)−1

iβtv −
exp(iωtv)−1

iωtv

}
.

TF
−φ(c)T0

v1
v0

β
β−ω exp(iθ)

{
exp(iβtc)−1

iβtc −
exp(iωtc)−1

iωtc

}
−φ(v)T0

v1
v0

β
β−ω exp(iθ)

{
exp(iβtc) exp(iβtv)−1

iβtv − exp(iωtc) exp(iωtv)−1
iωtv

}
DF TF-OF

O OF +OV

T TF +TV

D T– O

2.6. Difference between the PIPE model and the Fantini model

Both Fantini and PIPE models regard the oscillatory hemodynamics introduced by, for example,
periodic cuff pressure inflation/deflation or paced breathing as the sum of contributions due to
blood volume and flow velocity oscillations from the arterial, capillary and venous compartments,
respectively (when the oxygen diffusion rate is assumed to be a constant). The Fantini model
assumes that the vascular components of the oxy- and deoxy-hemoglobin volume oscillation
phasors (OV

(a), DV
(a), OV

(c), DV
(c), OV

(v), and DV
(v) where superscripts “(a)”, “(c)”, and

“(v)” represent the arterioles, capillaries, and venules, respectively) are in phase within each
compartment whereas the vascular components of the oxy- and deoxy-hemoglobin flow oscillation
phasors (OF

(a), DF
(a), OF

(c), DF
(c), OF

(v), and DF
(v)) are out of phase within each compartment.

Neither the total oxy- and deoxy-hemoglobin volume oscillation phasors (OV, DV) as the sum
of the three compartmental phasors are in phase nor the total oxy- and deoxy-hemoglobin flow
velocity oscillation phasors (OF, DF) are out-of-phase in principle. The Fantini model, when
applied to the analysis of experimental data, however, typically further made simplifications that
the oxy- and deoxy-hemoglobin volume oscillations (OV, DV) are in phase whereas the oxy-
and deoxy-hemoglobin flow velocity oscillations (OF, DF) are out-of-phase. By contrast, the
PIPE model does not make any a priori assumptions on the phase relations between oxy- and
deoxy-hemoglobin phasors. Based on the local conservation of the total hemoglobin and as the
outcome of a rigorous fluid dynamics treatment, the oscillatory phase difference between volume
and flow velocity oscillations naturally emerges in the PIPE model as the integrated effect of
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the RBCs moving from the arterioles, through capillaries and then to the venous compartment
while exchanging oxygen with the surrounding tissue. The PIPE model furthermore can easily
account for the heterogeneity in the capillary and venous transit times, using a simple procedure
as described above. It will be demonstrated in the following section comparing the performance
of both models on cerebral and cutaneous hemodynamics that the PIPE model exhibits excellent
agreement with the experimental data and identifies more distinctively the impaired autoregulation
of hemodialysis patients vs healthy subjects than the Fantini model.
We note that our formalism is developed with a convention of exp(-iωt) as the temporal

dependence for a component of frequency ω and the physical quantities correspond to the real
part of the complex values. The results reported in the Results and Discussion sections have
been converted to the exp(iωt) convention by taking the complex conjugate to conform to what
being reported in Pierro et. al [14].

3. Experiment procedure and data analysis

3.1. Cerebral hemodynamics

The cerebral coherent hemodynamics data in Pierro et al. [14] was analyzed by the PIPE model
and compared to the analysis with the Fantini model. An automated cuff inflation device (E-20
Rapid Cuff Inflation System, D. E. Hokanson, Inc., Bellevue, Washington) was used to induce
cerebral hemodynamic oscillations at a set of frequencies in both healthy subjects (n= 6) and
hemodialysis patients (n= 5) among whom 3 are glomerulonephritis patients and 2 are diabetes
patients.

Specifically, the data for the 11 subjects were fitted using GlobalSearch with fmincon (Matlab,
USA) to minimize the least-squares error defined by

error =
1
3n

n∑
i=1

(
|OTi − oti |2

|ot|
2 +

|DTi − dti |2

|dt|
2 +

|DOi − doi |2

|do|
2

)
(34)

where OT, DT and DO are the theoretical complex values of the ratios O/T, D/T and D/O for
phasors O, D, and T predicted by either the PIPE model (see Table 1) or the Fantini model, ot,
dt and do is the measured complex O/T, D/T, and D/O, respectively, n is the total number of
frequencies measured, and the subscript i represents the frequency index. The arithmetic average
of the amplitude of ot, dt, and do is denoted by |ot|, |dt|, and |do|, respectively.
The mean total hemoglobin concentration in the cerebral artery is assumed T0= 2.3mM, the

total hemoglobin oscillation T1= 10µM, and the oxygen diffusion constant α= 0.8s−1 following
[14]. The typical capillary blood flow speed vc= v0= l mm/s. The range of φ(a), φ(c), and φ(v) can
be determined from the blood volume fraction in brain tissue, and it was found to be ∼1-1.5%
for capillaries and ∼2-4% for the entire vasculature [24]. The dispersion of the transit time
is assumed to be between 0.03 and 0.55 for the venous transit time tv [20]. No dispersion in
the capillary transit time tc is assumed. Fitting by the Fantini model follows [14]. The set of
parameters fitted in the PIPE model include: capillary transit time tc, venous transit time tv
and its dispersion σ, flow velocity modulation ratio ν, the cutoff angular frequency ωc, and the
volume fraction ratios φ(c)/(φ(a) + φ(c) + φ(v)) and φ(v)/(φ(a) + φ(c) + φ(v)).

The fitting of the PIPE model and the Fantini model is displayed in Fig. 2 and Fig. 3 for healthy
subjects and hemodialysis patients. Both models fit the data well. In the Results and Discussion
sections, the volume and flow velocity oscillations presented are at the frequency of 0.1Hz.

3.2. Cutaneous hemodynamics

A Single Snapshot Multiple frequency Demodulation-Spatial Frequency Domain Imaging
(SSMD-SFDI) system was used to image the opisthenar (back of the hand) of healthy volunteers
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Fig. 2. Coherent hemodynamics spectra (CHS) measured on the forehead of five hemodial-
ysis patients (Subjects 1 to 5 from top to bottom) fitted by the PIPE model (blue lines) and
the Fantini model (red lines).
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Fig. 3. Coherent hemodynamics spectra (CHS) measured on the forehead of six healthy
subjects (Subjects 6 to 11 from top to bottom) fitted by the PIPE model (blue lines) and the
Fantini model (red lines).

(n= 6) under the paced breathing protocol (f= 0.0625, 0.0714, 0.0833, 0.1000, 0.1250Hz). The
system has been described in [25]. Briefly, the sinusoidal fringe pattern on digital micromirror
device (DMD, DLP LightCrafter 4500, Texas Instruments) is de-magnified and projected onto
the opisthenar. Backscattered light was directly imaged onto the CCD camera (Point Gray
Grasshopper3 GS3-U3-51S5C, USA). The illumination used white light which comprised three
monochromatic components of the wavelengths of 623 nm, 540 nm, and 460 nm. During the
experiments, the spatial modulation frequency of the white illumination light was 0.2mm−1 on
the surface of the specimen. The CCD exposure time was fixed at 20000 µs and the framerate was
set at 5 fps. A region of interest (ROI) of size 5mm×5mm within the image window was selected
for data analysis. At each temporal point, Single Snapshot Multiple Frequency Demodulation
(SSMD) [26] was used to compute the modulation transfer functions, MTFDC = IDC/I(0)DC and
MTFAC = IAC/I(0)AC, at the spatial frequencies f = 0 and 0.2mm−1 for red, green, and blue light
from the recorded color image over the ROI. The properties of the two-layer skin including
oxy- and deoxy-hemoglobin concentrations, the reduced scattering coefficient at 540 nm, the
scattering power, the melanin concentration, and the epidermal thickness were then fitted using
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the function fmincon in Matlab by minimizing the least squared error [25]:

error =
3∑
i=1
[(MTFAC(λi) −mtfAC(λi))2 + (MTFDC(λi) −mtfDC(λi))2] (35)

where i= 1,2,3 represent the three colors, and the theoretical values of the modulation transfer
functions, mtfDC and mtfAC, are computed with the enhanced diffusion model for the effective
homogeneous medium [27–29].

Fig. 4. Flow chart of the procedure for cutaneous coherent hemodynamics spectroscopy.

The recovered tissue deoxy-, oxy-, and total hemoglobin concentration temporal traces over
4 minutes were first median filtered and detrended by a third-order polynomial to obtain the
time traces of oscillations D(t), O(t), and T (t). Power spectra analysis was used to confirm
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the presence of the induced oscillations (0.0625 to 0.125Hz) and their bandwidth. A transfer
function analysis was then conducted to extract coherent hemodynamic components within
the identified bandwidth and determine the amplitude ratios (|O|/|T|, |D|/|T|, and |D|/|O|) and
phase differences (Arg(D)-Arg(O), Arg(O)-Arg(T), and Arg(D)-Arg(T)). The oxygen diffusion
coefficient in opisthenars is lower than that in brains and is set to α= 0.4s−1 [30]. The flow
chart of the procedure is shown in Fig. 4. The identical fitting procedure as for the cerebral
hemodynamics is then followed afterward. In the Results and Discussion sections, the volume
and flow velocity oscillations presented are at the frequency of 0.1Hz.

4. Results

4.1. Results of cerebral hemodynamics

Figure 5 summarizes the key hemodynamic characteristics for the five hemodialysis patients
(subjects 1-5) and the six healthy subjects (subjects 6-11) fitted by the PIPE model (the blue lines
and the blue diamond points) and the Fantini model (the red lines and the red square points).
The blood transit time in the cerebral microcirculation is significantly longer in hemodialysis
patients compared to healthy subjects in both models. The difference in the blood transit time in
microcirculation is found to be tc:1.14± 0.20 vs 0.41± 0.22 s, tv: 4.72± 2.90 vs 1.75± 0.79 s
in the PIPE model and tc: 1.10± 0.23 vs 0.56± 0.18 s, tv: 2.59± 0.83 vs 1.56± 0.74 s in the
Fantini model, respectively. Furthermore, the autoregulation cutoff frequency (ω(autoReg)c /2π)
of the PIPE model (0.056± 0.030 vs 0.011± 0.012Hz) and the Fantini model (0.023± 0.017
vs 0.009± 0.007Hz) are both larger for the hemodialysis patients than healthy subjects. The
large dispersion in the venous transit time for the five hemodialysis patients recovered by the
PIPE model is attributed to the fact that subjects 3 and 4 are diabetes, whereas the rest are
glomerulonephritis patients (see Discussion and Table 5). The differences and the corresponding
p-values from the t-test are given in Table 2.

Fig. 5. Hemodynamic characteristics (tc: capillary blood transit time, tv: venous blood
transit time, ω(autoReg)c /2π: autoregulation cutoff frequency) for the five hemodialysis
patients (subjects 1-5) and the six healthy subjects (subjects 6-11) fitted by the PIPE model
(the blue lines and the blue diamond points) and the Fantini model (the red lines and the red
square points). Horizontal lines represent the respective average values.

Hemodynamic variation is the superposition of blood volume and blood flow velocity oscillatory
components when the rate of oxygen release to tissue is regarded as constant. Figure 6 displays the
blood volume oscillation from the Fantini model (top row) and the PIPE model (bottom row). OV,
DV, and TV represent oxy-, deoxy-, and total hemoglobin volume oscillation phasors, respectively.
Unlike the Fantini model, the PIPE model reveals that the phase lag of the deoxy-hemoglobin
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Table 2. Average Capillary Blood Transit Time, Venous Blood Transit Time, and Autoregulation
Cutoff Frequency and Their p-Values from t-Tests Comparing Hemodialysis Patients and Healthy

Subjects.

Fantini model PIPE model

Hemodialysis
patients

Healthy
subjects

p Hemodialysis
patients

Healthy
subjects

p

tc (s) 1.10± 0.23 0.56± 0.18 6E-4 1.14± 0.20 0.41± 0.22 3E-4

tv (s) 2.59± 0.83 1.56± 0.74 0.06 4.72± 2.90 1.75± 0.79 0.06

ω
(autoReg)
c /2π(Hz) 0.023± 0.017 0.009± 0.007 0.08 0.056± 0.030 0.011± 0.012 0.12

volume oscillation (DV) for hemodialysis patients is larger than that of healthy subjects as the
result of the longer capillary transit time tc for hemodialysis patients. Furthermore, the oxy-
and deoxy-hemoglobin volume oscillation phasors OV and DV are not in phase from the PIPE
model. The phase difference between OV and DV (Arg(OV) – Arg(DV)) is between 16° and 47°
for hemodialysis patients and between 1.5° and 16° for healthy subjects in the PIPE model.

Fig. 6. The blood volume oscillation from the Fantini model (top row) and the PIPE model
(bottom row). ∆CBV(v) is the cerebral blood oscillation phasor defined in the Fantini model.
Ov, Dv, and Tv represent oxy-, deoxy-, and total hemoglobin volume oscillation phasors,
respectively. Red arrows represent healthy subjects and blue arrows represent hemodialysis
patients.

Figure 7 displays the blood flow velocity oscillations from the Fantini model (top row) and
the PIPE model (bottom row). OF, DF and TF represent oxy-, deoxy- and total hemoglobin flow
velocity oscillations, respectively. OF and DF is absolutely out-of-phase and TF= 0 in the Fantini
model. The PIPE model does not assume OF and DF to be out of phase. The phase difference
between OF and DF (Arg (OF) – Arg (DF)) is between -79° and -123° for hemodialysis patients
and between for -105° and -143° for healthy subjects in the PIPE model. The TF amplitude
of hemodialysis patients is found to be much greater than healthy subjects in the PIPE model,
consistent with impaired autoregulation of the hemodialysis patients.
Cerebral autoregulation can be quantified by the relationship between the blood volume

oscillation phasor, which can be regarded as a proxy for the arterial blood pressure oscillations,
and the corresponding flow velocity oscillation phasor. The two ratios OF/OV and TF/TV are
displayed in Fig. 8. The Fantini model does not reveal much difference in OF/OV and TF/TV
(=0) between healthy subjects and hemodialysis patients. In contrast, the PIPE model shows
that the amplitude ratios of OF/OV and TF/TV of hemodialysis patients are larger than that of
healthy subjects, reflecting worse cerebral autoregulation of the former (see Table 3). The most
distinctive characteristics of the impaired cerebral autoregulation of the hemodialysis patients
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Fig. 7. The blood flow velocity oscillation for the Fantini model (top row) and the PIPE
model (bottom row). OF, DF and TF represent oxy-, deoxy- and total hemoglobin flow
oscillations, respectively. Red arrows represent healthy subjects and blue arrows represent
hemodialysis patients.

show up in the larger amplitude ratio of the total hemoglobin flow velocity oscillation over the
total hemoglobin volume oscillation (|TF |/|TV |).

Fig. 8. Cerebral autoregulation OF/OV and TF/TV from the Fantini model (top row) and
the PIPE model (bottom row). The ratio TF/TV reduces to zero in the Fantini model (the top
right panel). Red arrows represent healthy subjects and blue arrows represent hemodialysis
patients.

Table 3. Cerebral Autoregulation of Hemodialysis Patients vs Healthy Subjects.

Fantini model PIPE model
Hemodialysis

patients
Healthy
subjects p

Hemodialysis
patients

Healthy
subjects p

|OF |/ |OV | 0.87± 0.45 0.73± 0.55 0.67 2.55± 2.61 0.86± 0.34 0.15

|TF |/ |TV | - - - 1.75± 1.50 0.53± 0.16 0.07

4.2. Results of cutaneous hemodynamics

Figure 9 displays cutaneous hemodynamic characteristics for six healthy subjects fitted by the
PIPE model (the blue lines and the blue diamond points) and the Fantini model (the red lines and
the red square points). The blood transit time in the cutaneous microcirculation is longer than that
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in cerebral hemodynamics in both models. The autoregulation cutoff frequency ω(autoReg)c /2π is
smaller from the PIPE model than that from the Fantini model. The observed cutaneous capillary
transit time tc is slightly larger in the PIPE model than that from the Fantini model. The longer
cutaneous capillary transit time than the cerebral capillary transit time is consistent with the
much lower oxygen diffusion rate in opisthenars than in brains and the higher oxygen extraction
efficiency in the brain than the opisthenar (see (20), (21), and Discussion). The range of the
cutaneous transit times is similar to the reported capillary transit time in muscles [31,32].

Fig. 9. Cutaneous hemodynamic characteristics (tc: capillary blood transit time, tv: venous
blood transit time, ω(autoReg)c /2π: autoregulation cutoff frequency) for four healthy subjects
fitted by the PIPE model (the blue lines and the blue diamond points) and the Fantini model
(the red lines and the red square points). Horizontal lines represent the respective average
values.

Figure 10 displays the cutaneous blood volume oscillation from the Fantini model (top row)
and the PIPE model (bottom row). The PIPE model reveals that the phase lag of the cutaneous
deoxy-hemoglobin volume oscillation (DV) is larger than that in the brain for healthy subjects due
to the longer capillary transit time tc in the opisthenar. The total hemoglobin volume oscillation
(TV) amplitudes of healthy subjects are similar in brains and opisthenars. The phase difference
between OV and DV (Arg (OV) – Arg (DV)) is between 24° and 47° for healthy subjects in the
PIPE model.

Fig. 10. The cutaneous blood volume oscillation from the Fantini model (top row) and the
PIPE model (bottom row). OV, DV, and TV represent oxy-, deoxy-, and total hemoglobin
volume oscillations, respectively.
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Fig. 11. The cutaneous blood flow velocity oscillation for the Fantini model (top row) and
the PIPE model (bottom row). OF, DF and TF represent oxy-, deoxy- and total hemoglobin
flow oscillations, respectively.

Figure 11 displays the cutaneous blood flow velocity oscillations from the Fantini model (top
row) and the PIPE model (bottom row). OF and DF is absolutely out-of-phase and TF= 0 in the
Fantini model. The phase difference between OF and DF (Arg (OF) – Arg (DF)) is between -39°
and -67° for healthy subjects in the PIPE model. The TF amplitude is similar in opisthenars
and brains for healthy subjects. Figure 12 compares the cutaneous autoregulation OF/OV and
TF/TV from the Fantini model (top row) and the PIPE model (bottom row). Table 4 summarizes
|OF |/|OV | and |TF |/|TV | in brains and opisthenars for healthy subjects. Both ratios are similar in
brains and opisthenars for healthy subjects in the PIPE model.

Fig. 12. Cutaneous autoregulation OF/OV and TF/TV from the Fantini model (top row)
and the PIPE model (bottom row). OF/OV and TF/TV reflect the subject’s opisthenar
autoregulation.

Table 4. |OF |/ |OV | and |TF |/ |TV | in Brain and Opisthenar for Healthy
Subjects

|OF |/ |OV | |TF |/ |TV |

Fantini Model
Brain 0.73± 0.55 -

Opisthenar 0.18± 0.15 -

PIPE Model
Brain 0.86± 0.34 0.53± 0.16

Opisthenar 0.70± 0.30 0.71± 0.30
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4.3. Application to fMRI

In addition to the application to functional optical spectroscopy of hemodynamics, the PIPE
model can interpret the BOLD signal in functional magnetic resonance imaging (fMRI). The
BOLD signal reflects a change in local deoxy-hemoglobin related to both blood flow and venous
blood volume and metabolic response in oxygen metabolism. Adopting the same expression (47)
in [10] for the BOLD signal, its temporal profile can be computed using (10-15).
Figure 13 shows one example of the application of the PIPE model to the BOLD signal.

Similar to Pierro et al. [11], we extracted the fMRI BOLD data from Kida et al. [33] for two
stimulus durations (4 s and 16 s) for the transient relative blood flow velocity change (δν/ν0)
and the transient relative blood volume change ((f−T0)/T0). We then complemented it with the
relative changes in the metabolic rate (∆α/α) according to Hyder et al. [34]. The BOLD signal
was then calculated based on the deoxy-hemoglobin temporal trace from (10-15), assuming
typical cerebral hemodynamic parameters as made in Pierro et al. [11]. The BOLD signal
calculated with the PIPE model (short dash lines), the Fantini model (long dash lines) as well as
the BOLD signal measured by Kida et al. [33] (solid lines) is shown in Fig. 13 for comparison.
The calculated BOLD traces by both PIPE and Fantini models closely match the measured ones
in terms of both shape and magnitude, except that the Fantini model predicts a slightly delayed
onset in the BOLD signal.

Fig. 13. BOLD fMRI study on rats. Left: 4s forepaw stimulation; Right: 16s forepaw
stimulation. The top three panels are the relative changes in cerebral blood flow (∆CBF/CBF),
the metabolic rate of oxygen (∆CMRO2/CMRO2), and cerebral blood volume (∆CBV/CBV)
derived from the data reported by Kida et al. [33] as described in the text. The bottom panel
shows the BOLD fMRI signal measured by Kida et al. [33] using fMRI (solid line), and
those predicted by the PIPE model (short dash lines) and the Fantini model (long dash lines).

5. Discussion

The central common feature of both Fantini and PIPE models for dynamic microcirculation is to
interpret the hemodynamics as the superposition of the contributions from the blood volume
variations, flow velocity modulations, and the rate of oxygen release variations within a network
comprised of the arterial, capillary and venous compartments. The Fantini model assumes
that the vascular components of the oxy- and deoxy-hemoglobin volume oscillation phasors
(OV

(a), DV
(a), OV

(c), DV
(c), OV

(v), and DV
(v)) are in phase within each compartment whereas the

vascular components of the oxy- and deoxy-hemoglobin flow oscillation phasors (OF
(a), DF

(a),
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OF
(c), DF

(c), OF
(v), and DF

(v)) are out of phase within each compartment. Neither the total oxy-
and deoxy-hemoglobin volume oscillation phasors (OV, DV) are in phase nor the total oxy- and
deoxy-hemoglobin flow velocity oscillation phasors (OF,DF) are out-of-phase, in principle, in the
Fantini model. Simplifications were, however, typically introduced when applied to the analysis
of experimental data that the oxy- and deoxy-hemoglobin volume oscillation phasors (OV, DV)
are in phase and the oxy- and deoxy-hemoglobin flow velocity oscillation phasors (OF, DF) are
out-of-phase in the Fantini model. By contrast, in the PIPE model the oscillatory phase difference
between volume and flow velocity oscillations naturally emerges as the integrated effect of the
RBCs moving from the arterioles, through capillaries and then to the venous compartment while
exchanging oxygen with the surrounding tissue based on the conservation of the total hemoglobin
alone. The phase difference between OV and DV (Arg(OV) – Arg(DV)) is between 16° and
47° for hemodialysis patients and between 1.5° and 16° for healthy subjects whereas the phase
difference between OF and DF (Arg(OF) – Arg(DF)) is between -79° and -123° for hemodialysis
patients and between for -105° and -143° for healthy subjects in brains as found by the PIPE
model. Furthermore, the PIPE model predicts a weaker second harmonic mode in addition to the
fundamental mode in CHS (see (18) and (19)). This behavior has been indeed observed in the
cutaneous experimental data (see the insets in Fig. 4). The PIPE model can also easily account
for the heterogeneity in the capillary and venous transit times.
The PIPE model is not only found to capture the microcirculation characteristics well but

also reveals the distinctive hemodynamic parameters between hemodialysis patients and healthy
subjects better than the Fantini model. For example, the impaired autoregulation of hemodialysis
patients vs healthy subjects is much more revealed by the PIPE model (see Fig. 8 and Table 3).
The mean capillary oxygen saturation (ScO2) can be evaluated by S0[1 − exp(−αtc)]/αtc.

Both the Fantini model and the PIPE model produce similar ScO2 and find ScO2 is lower for
hemodialysis patients compared to healthy subjects (see Fig. 14). Furthermore, the cutaneous
capillary oxygen saturation is found to be lower than the cerebral capillary oxygen saturation for
healthy subjects. The lower ScO2 from the PIPE model than the Fantini model for opisthenars is
owing to the longer capillary transit time found in the former.

Fig. 14. Mean capillary oxygen saturation in (a) brain and (b)opisthenar by the PIPE model
(the blue lines and the blue diamond points) and the Fantini model (the red lines and the red
square points).

The baseline oxygen extraction efficiency E/T0 is plotted in Fig. 15. The value of E/T0 in the
brain is lower for hemodialysis patients than that for healthy subjects. The value of E/T0 in the
brain is also much higher than that in opisthenar for healthy subjects. Figure 16 displays the
oxygen extraction efficiency enhancement (δE/T0) owing to the cyclic thigh cuff inflation/deflation
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or paced breathing. The oxygen extraction efficiency enhancement is found to be positive in all
cases.

Fig. 15. The baseline oxygen extraction efficiency E/T0 in (a) brain (the blue diamond
points) and (b) opisthenar (the red square points) from the PIPE model.

Fig. 16. The oxygen extraction efficiency enhancement δE/T0 in (a) brain (the blue diamond
points) and (b) opisthenar (the red square points) from the PIPE model.

We note that the five hemodialysis patients include three glomerulonephritis patients and two
diabetes patients. The recovered hemodynamic parameters tc, tv, and ScO2 of these patients
are shown in Table 5. It is worth pointing out hemodialysis patients of diabetes have much
greater tv and larger ScO2 than the hemodialysis patients with glomerulonephritis from the
PIPE model, whereas no clear difference between these two groups of patients was observed
from the Fantini model. The much longer venous transit time for diabetes patients reflects the
impaired vasodilatation and vascular alterations due to diabetes mellitus [35]. Idle capillaries in
the microvasculature, however, are recruited to compensate for this dysfunction, leading to the
capillary transit time to not increase as much with diabetes.

Finally, we want to note that NIRS requires a priori knowledge of the scattering property
of the medium for the recovery of the hemodynamics information. The spatial frequency
domain imaging (SFDI) [25,36,37] used in our cutaneous hemodynamics study is a non-contact
near-infrared (NIR) imaging approach that enables rapid, quantitative determination of both
absorption and scattering properties. It hence removes the potential compounding issue of an
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Table 5. tc, tv, ScO2 of Hemodialysis Patients

The PIPE Model The Fantini Model

tc (s) tv(s) ScO2 (%) tc (s) tv (s) ScO2 (%)

Glomerulonephritis
1.25 3.56 61.9 1.27 2.97 61.5

1.04 2.30 60.8 0.81 2.81 72.1

1.30 1.79 60.9 1.41 2.99 58.7

Diabetes
0.84 7.49 71.3 1.05 1.20 66.2

1.02 8.29 66.9 1.12 2.99 64.8

unknown or inaccurate scattering parameter comparing to NIRS. SFDI can furthermore provide
in vivo rapid wide field-of-view imaging of hemodynamics, which will be of importance in the
investigation of temporal and spatial dynamics of microcirculation.

6. Conclusion

In conclusion, we have presented a dynamic microcirculation PIPE model for functional
neuroimaging, non-neuroimaging, and coherent hemodynamics spectroscopy. The temporal
evolution of the concentration and oxygen saturation of hemoglobin in tissue is determined
by time-resolved hemodynamic and metabolic variations in blood volume, flow velocity, and
oxygen consumption in microvasculature comprised of the arterioles, capillaries, and venules as
a complete network (compliant pipe) through which the total hemoglobin is conserved. Without
making assumptions on the details of the architecture and morphology of the microvascular bed,
the temporal connection and the phase relation between oxy- and deoxy-hemoglobin volume
and flow velocity variations naturally emerges from the rigorous fluid dynamic treatment of
the oxygen consumption occurring over the whole trajectory along which the red blood cells
(RBC) move from the arterioles, through capillaries and then to the venous compartment while
exchanging oxygen with the surrounding tissue. The dynamic microcirculation PIPE model
provides a framework to assess key microcirculation parameters, including the effective blood
transit time through the capillaries, the rate constant of oxygen release from hemoglobin to
tissue, and the effective blood transit time through the venules. The vascular autoregulation can
further be quantified from the relationship between the resolved blood volume and flow velocity
variations.

We have also presented the solution of this dynamicmicrocirculation PIPEmodel to quantitative
coherent hemodynamics spectroscopy. The PIPE model not only described the oscillatory
hemodynamics in both brains and opisthenars satisfactorily but also identified more distinctively
the impaired cerebral autoregulation in hemodialysis patients compared to healthy subjects
than the Fantini model. The dynamic microcirculation PIPE model will be instrumental in
recovering rich physiological information from analyzing and interpreting the signals measured
by hemodynamic-based neuroimaging and non-neuroimaging techniques such as fNIRS and
fMRI in response to brain activation, physiological challenges, or physical maneuvers.
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